
Probabilistic Graphical Models
Lectures 16

Max-Sum Variable Elimination and Message Passing
Graph Cuts



Remember: Max Marginal
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Remember: Max Marginal
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Variable Elimination: Max-Product
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Product -> Sum
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Product -> Sum
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Max-Sum
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Max-Sum variable Elimination
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Max-Sum message passing
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Max-Sum Beliefs
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Max-Sum Sepset Beliefs
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How to use max-marginals
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How to use max-marginals
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How to use max-marginals
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How to use max-marginals
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MAP inference using junction tree
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MAP inference using cluster graphs
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MAP inference using cluster graphs
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Energy-based systems

P(X) = 1/Z exp(θ(X))        where θ(X) = Σc  θc(Xc) 

P(X) = 1/Z exp(-E(X))      where E(X) = Σc  Ec(Xc)

replace Max by Min 
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Other MAP inference methods

● Graph Cuts
○ Roof Duality/QPBO
○ Move-based algorithms (Alpha expansion, Alpha-beta swap, 

fusion moves, etc.)
● Dual Decomposition 
● Integer programming
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Graph Cuts
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Graph Cuts - Simple Case
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What is a cut? (simple case)
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What is a cut? (simple case)

24



Energy function as cut values
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General Case and Submodularity
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Graph Cuts
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https://www.mdpi.com/2073-8994/10/5/169 

https://www.mdpi.com/2073-8994/10/5/169


Graph Cuts for image segmentation
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Gauriau, Romane. Shape-based approaches for fast multi-organ localization and 
segmentation in 3D medical images. Diss. Telecom ParisTech, 2015.



Non-submodular case

● Set negative weight to zero 
● Roof Duality/QPBO
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Multilabel case

● Multilabel graph cuts (only convex energy terms)
● Move-based algorithm

○ alpha-beta swap
○ alpha expansion
○ fusion moves
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